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We use geometrical analysis to show that the Toda-Brumer-Duff criterion for transition to chaos 
is a simple application of Jacobi's equation. Further, we propose a new criterion for this transition 
for two-dimensional hamiltonian systems and summarize the results. 

It is well-known [1] that non-l inear Hami l ton ian 
systems exhibit a t ransi t ion f rom regular to stochastic 
behaviour with variat ion of system parameters , espe-
cially energy; this is of relevance bo th in unders tand-
ing the foundat ions of statistical mechanics [2], and in 
the study of chemical kinetics [3]. Even though it has 
been argued that in such systems, chaotic orbits exist 
in the phase space for all values of the energy, phe-
nomenologically there is a clear, usually ab rup t and 
phase-transit ion-like change f rom smooth curves on 
Poincare sections to a r a n d o m scatter of points [1 - 5 , 
7, 8]. Finding this point of transit ion, or even confirm-
ing its existence or lack thereof is bo th tedious and 
suspect if done numerically. There have been a t tempts 
to find an analytic predictor of the t ransi t ion energy: 
principally those of Chir ikov, Greene and M o [6] and, 
of concern to us here, of Toda [7], Brumer and Duff [8] 
(herinafter TBD). 

We present here a geometrical analysis, bo th of a 
2-d manifold M embedded in R 3 defined by the 
Monge patch u = (x, y, V (x, y)), and of the con tour 
lines of the potential V (x, y) on the x, y p lane to study 
the transit ion to (existence of) stochastic behaviour 
for Hamil tonians of the form 

H = 
2 m. 

+ 
2 m„ 

+ V(x,y). (1) 

Let there be [9] geodesies a, a 1 passing th rough a 
point p on M. If we set up a polar coord ina te system 
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at p, with arc-length r measured along the geodesies 
and angle </> defined by the initial angle between, them, 
then the line element on M can be writ ten as 

ds2 = dr2 + Gd</>2 , 

and the Gaussian curvature K as 

i e 2 7 G 
K = -

y/G ör2 * 

(2) 

(3) 

If the distance r a long a and cr1 is the same, the 
geodesic deviation, q = yJ~G d</> and thence, 

rj" + K rj = 0 , (4) 

which is the well-known Jacobi 's equat ion . (This 
equat ion can be extended [10] to a rb i t ra ry dimen-
sions.) By inspection, for K positive, rj has oscillatory 
solutions, for K negative, exponential solutions. In 
general, of course, K = K{x, y) and the solut ions are 
non-trivial. 

There is a comprehensive discussion in bo th the 
works by Arnol 'd [10, 11] on the appl icat ions and 
extensions of this by the Russian dynamical systems 
school, f rom which we quote: "the exponent ia l insta-
bility of geodesies on manifolds of negative curva ture 
leads to the stochasticity of the cor responding 
geodesic flow." A careful considerat ion of the T B D 
criterion shows that it consists of project ing the region 
of negative Gaussian curvature of the potent ia l mani-
fold on to the energy contours to pick out Ec, the 
energy of transition, a very s t ra ightforward applica-
tion of Jacobi 's equation. 

This technique has, with a mixed degree of success, 
been applied to various 2-d Hami l ton ians (see 
Table 1). 

Churchill, Pecelli and Rod studied [12] the funct ion 

ß' = v V2 + V V2 — 2V V V r r xx ' y 1 ' yy ' x x ' y * xy (4) 
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Table 1. Critical energies and comparisons with TBD and Numerical values. An oo indicates an integrable system. 

Name Potential Ec (TBD) Ec (PS) Ec (Num) 

Henon-Heiles [4] — (x2 -1- y2) + — x3 - xy2 

2 3 
0.0833 0.0833 0.0833 

Barbanis [5] 0.05 (x2 + y2) - 0.1 x2 0.00625 0.0056 0.005 + 

Toda [7] exp(— y) + exp(y - x) + exp(x) — 3 oo 00 oo 

Anti-Henon-Heiles [14] ^(x2 + y2)+ ^y3 + x2y 
1 

24 
OO 00 

Pullen-Edmonds [15] — (x2 + y2) + a x2y2 

a = — 0.5 0.5 + Ä 0.32 0.5 + 

a > 0 
3 

4a ~~ 
3 

4a ~ 
0.42 

a 

to show that periodic orbits, if they exist in certain 
regions of conf igura t ion space of these Hamil tonian, 
are isolated and unstable. This funct ion may be ar-
gued [13] to be the project ion of the velocity of 
geodesic separa t ion on to x, y space. We may also con-
struct this by mak ing mathemat ica l the question: 
when two trajectories cross a con tou r line, are they 
forced apar t by the shape of the contour , or squeezed 
together? 

Consider at a point (x, y) a vector q a long the force 
(— Vx, —Vy). A minimal energy t rajectory would be 
along Q. The no rma l to Q, say £ would then be 
(Vy, — Vx), and the velocity of deviat ion would then be 

= VxxVy2 + VyyVx
2-2VxVyVxy. (Q 

With this we may then reformula te the conclusion 
f rom the Jacobi equat ion, or the T B D criterion as: the 
system will look stochastic if the rate of change of X 

along the force is positive. 
We summarize the results (indicated as £C(PS)) of 

this ra ther s t ra ight forward applicat ion in Table 1, 
a long with a compar i son with the exact (numerical) 

and T B D predicted values for the critical energy. N o t 
all the successes of our criterion nor all the failures of 
the T B D criterion are cited. Fo r the masses not equal 
to unity (6) has a simple modificat ion [13]. 

Note that for the Pu l len-Edmonds potential the 
energy they cite themselves is for when a "significant 
fract ion" of the trajectories display stochasticity. In 
the same vein, we cite the lowest well-documented 
value in each case; for the Barbanis potent ial for ex-
ample, Fig. 1 in [16] shows the area (of the poincare 
plane) that shows stochasticity to be non-zero at 
E > 0.005, which is the figure we cite*. 
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